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ABSTRACT 
We study the perturbations of triples of matrices, and we give explicitly a 
miniversal deformation. As a corollary we obtain the dimension of the stabilizer and a 
characterization of the structural stability of triples of matrices, in terms of their 
numerical invariants. 0 Elsevier Science Inc., 1997 
1. INTRODUCTION 
We denote by M,,, (C) the space of complex matrices having T rows and 
s columns, and in the case which r = s we write M,(C). For R E M,X,(C), 
R” means its adjoint matrix, that is to say, the complex conjugate of the 
transpose of R. 
We consider linear finite dimensional dynamical time-invariant systems 
that may be represented as 
j(t) = AX(t) + BU(t) 
Y(t) = CX(t) 
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with (A, B, C) a triple of complex matrices, A E M,(C), B E M,, x ,(C>, 
C E M,,.(C). 
The aim of this paper is to characterize the structural stability of a triple 
of matrices, with regard to the natural equivalence relation which generalizes 
the similarity between pairs of matrices, in terms of the complete system of 
invariants given in [6]. As in the case of square matrices studied by Arnold [I], 
and as in the case of quadruples of matrices studied by Ferrer and Garcia- 
Planas [2], the basic tool is a miniversal deformation of a triple of matrices. 
Tannenbaum [9] constructed a miniversal deformation of a triple of matrices, 
but relative to the action of the linear group via change of basis in the state 
space. 
The knowledge of the miniversal deformation of a triple (A, B, C> gives 
us a method to investigate what is the possible Molinari-Kronecker form of a 
perturbation of (A, B, C), and if the triple is structurally stable, it is possible 
to compute the distance between this triple and the nearest nonstable one. 
If a triple (A, B, C) is structurally stable, any smooth family of triples 
sufficiently close to (A, B, C) can be smoothly reduced to the Molinari- 
Kronecker canonical form of ( A, B, C). 
Therefore, the main results are Theorem A (Section 3.5) which describes 
the orthogonal miniversal deformation of a triple of matrices, and Theorem B 
(Section 3.7), which gives the desired characterization of the structural 
stability of triples of matrices. Willems [lo], using entirely different tech- 
niques, studied the structural stability of pairs of matrices. We recall that the 
structural stability of triples of matrices is not a particular case of 121, since a 
quadruple (A, B, C, D) with D = 0 is never structurally stable, because any 
perturbation of this quadruple increases the rank of the matrix D, and the 
equivalence relation preserves the rank of this matrix. 
In Section 2, we recall the natural equivalence relation between triples of 
matrices (Section 2.2). Moreover, we regard it as induced by the action of a 
Lie group (Section 2.7) in order to prove that the equivalence classes are 
regular submanifolds (Section 2.8) and to obtain a description of their tangent 
spaces (Section 2.10). 
Section 3 contains the proof of Theorem A. It is based on the fact that the 
orthogonal linear varieties to the orbits (or equivalence classes) are miniversal 
deformations (Section 3.2). Thus, we define a scalar product in the space of 
triples of matrices (Section 3.3) and from Section 2.9 we obtain a description 
of the space orthogonal to the orbit of a triple (Section 3.4). Then, Theorem 
A follows immediately (Section 3.6). As a corollary we obtain the dimension 
of the stabilizer (Section 3.9). 
Section 4 is devoted to Theorem B. Firstly, we recall the definition of 
structural stability (Section 4.1) and we characterize it as the nullity of the 
miniversal deformation (Section 4.3)-that is to say, as the nonexistence of 
DEFORMATION AND STABILITY OF TRIPLES OF MATRICES 161 
nontrivial solutions of the system appearing in Theorem A (Section 4.4). 
Then, in Sections 4.5 and 4.6, we discuss when the only solution of this 
system is the zero one. Thus, conditions in Theorem B are obtained (Section 
3.7). 
2. EQUIVALENCE RELATION BETWEEN TRIPLES 
OF MATRICES 
2.1 
We consider triples of matrices (A, B, C), where A E M,(C), B E 
M,x,(C), and C E M,.,,(C). 
We denote by J the space of these triples of matrices. 
2.2 
In A we consider an equivalence relation which generalizes in a natural 
way the similarity between square matrices and the block similarity between 
pairs of matrices (see, for instance, [6]). 
DEFINITION 2.1. We will say that two triples are equivalent if and only if 
one of them can be obtained from the other by means of one or more of the 
following elementary transformations: basis change in the state space, in the 
input space, and in the output space, and operations of state feedback and 
output injection. That is to say, the triples (A, B, C) and (A’, B’, C’) are 
equivalent if and only if (A’, B’, C’) can be obtained from (A, B, C) by 
means of one or more of the following elementary transformations: 
(i> (A, B, C) u (PAP-‘, PB, CP-‘) = (A’, B’, C’), 
(ii) (A, B,C) N (A, BV,C> = (A’, B’,C’), 
(iii) (A, B, C) - (A, B, WC> = (A’, B’, C’), 
(iv) (A, B,C) N (A + BJ, B,C) = (A’, B’,C’), 
(v) (A, B,C) - (A + KC, B,C) = (A’, B’,C’), 
where P E Gl(n; C), V E GKm; 0, W E Gl( p; C), 
M, x ,(C). 
2.3 
J E k&,x,(C), K E 
It is immediate that the equivalence relation generalizes the block similar- 
ity between pairs of matrices. That is to say, if ( A, B, C) - (A’, B’, C’> and 
C = 0, then C’ = 0, and the pairs (A, B) and (A’, B’) are block similar. 
Analogously, it generalizes the similarity between square matrices. 
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If we regard the equivalent triples (A, B, C> N (A’, B’, C’) as the 
quadruples (A, B, C, O>, (A’, B’, C’, O), they are also equivalent as quadruples 
with the equivalence relation given in [6]. 
2.4 
Each triple of matrices (A, B, C) can be associated to a matrix pencil 
H(A) = A ;*I, : )  
i  1 
and we have the following: 
PROPOSITION 2.1. Two triples (A, B, C) and (A’, B’, C’) are equivalent 
if and only if the associated pencils H(h) and H’(A) are strictly equivalent. 
(See [6] for a complete family of invariants and for a canonical reduced 
form, the so-called Molinari-Kronecker canonical form of a triple of matrices, 
with regard to this equivalence relation.) 
2.5 
In order to apply Arnold’s techniques, it is necessary to see this equiva- 
lence relation as induced by the action of a Lie group. Thus, let us consider 
in F = Gl(n;C) X Gl(m;C) X Gl(p;C) X M,,.(C) X M,,,(C) the group 
structure defined by 
~9 is an open set of M,(C) x M,(C) X M,(C) X M,.“(C) X M,,,(C), SO 
that F is a complex manifold. 
Obviously, it is a Lie group. 
2.6 
Now, we define an action (Y of .Y over J as follows: 
DEFINITION 2.2. With the above notation, we define 
((P,V,W,J,K),(A,B,C)) + (PAP-l + PBJ+KCP-‘, PBV,WCP-‘). 
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2.7 
Then we see that the transformations (i), (ii), (iii), (iv), and (v) of Section 
2.2 are the result of the action of the elements ( P, I,, I,, 0, O), (I,, V, I,, 0, 
01, (I,, I,, W, 0, O>, (I,,. I,, Zp, J, 01, (I,, I,, Zp, 0, K ), respectively. Hence 
we have: 
PROPOSITION 2.2. Two triples (A, B, C), (A’, B’, C’) E.& are equivalent 
if and only if 
(~((p,v,w,],K),(A,B,c)) = (A’,B’,C’) 
for some (P, V, W, J, K > E 5. 
2.8 
Therefore the equivalence class of a triple (A, B, C> EJ is its orbit with 
regard to the action (Y, and we will denote it by 8( A, B, C). 
2.9 
We denote by &l( A, B, C) the stabilizer of (A, B, C) under the action 
of 3; that is to say, 
Bt(A, B,C) = {(f’,V,W,], K) -“I 
a((P,V,W,], K),( A> kc)) = (A> B>C) 1. 
&f( A, B, C) is a closed subgroup of g’, and the homogeneous manifold 
9/&%( A, B, C) is diffeomorphic to the manifold @( A, B, C), so that 
dim@(A,B,C) =dimF-dim&(A,B,C) 
=n2+m2+p2+nm+np-dim&l(A,B,C). 
It is well known (see for example [7, (3.4.2)]) that af( A, B, C) is a complex 
manifold. In our case this is obvious, since &?(A, B, C) is the intersection of 
the open set g with a linear variety. 
2.10 
In the next section, we will use the following explicit description of the 
tangent space to 8( A, B, C>: 
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PROPOSITION 2.3. For any triple of matrices (A, B, C) ~1, the tangent 
space to its orbit H( A, B, C> at ( A, B, C> is the set of triples 
{([I’, A] + BJ + KC, BV + PB, -CP + WC)1 
P E M,(C), V E M,(C), W E q(C), 
Proof. It follows from the fact that @(A, B, C> equals 8( A, B, C, 0) 
under the action (Y defined in [2]. ??
3. MINIVERSAL DEFORMATIONS OF TRIPLES OF MATRICES 
3.1 
The starting point is the following result, proved by Arnold for Gl(n; C> 
acting on M,(C), and generalized by Tannenbaum [9] for a Lie group acting 
on a complex manifold. 
PROPOSITION 3.1. A diflerentiable family p : A +A?, where A is an 
open neighborhood of the origin of C’, is a versa1 deformation of ~(0) = 
(A, B, C) ifand only ifit is transversal to the orbit @(A, B, C> at (A, B, C). 
3.2 
In particular, we have: 
COROLLARY 3.1. Let us j?x any hermitian product in A. Then for any 
triple of matrices (A, B, C) EM the linear variety 
is a miniversal deformation of it. 
3.3 
We shall consider in -,H the hermitian product: 
DEFINITION 3.1. If (A, B,C),(A’, B’,C’) EM, we define 
((A, B,C),(A’, B’,C’)) = tr(AA’*) + tr(BB’*) + tr(CC’*). 
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3.4 
From Section 2.10, we have the following description of 
T(.,,,c,@‘(A, B,C)’ : 
LEMMA 3.1. We assume in J the scalar product defined in Section 3.3. 
Then 
( A’, B’, C’) E qA, g,cj6’( A, B, C)’ 
if and only if 
[ A, A’* ] + BB’* - C’* C = 0 
A’*B = 0 
B’*B=O . 
I 
(9 
CA’* = 0 
cc’* = 0 
Proof. According to Section 2.10, (A’, B’, C’) E TcA, ,,,,@‘(A, B, C)” 
if and only if 
O=(([P,A]+B]+KC,BV+PB,-CP+ WC),(A’,B’,C’)) 
= tr(([P, A] + BJ + KC)A’*} + tr{(BV + PB)B’*} 
+ tr{( -CP + WC)C’*) 
= tr( PAA’* + APA’* + BJA’* + KCA’* ) 
+ tr( BVB’* + PBB’* ) + tr( - CPC’* + WCC’* ) 
= tr( AA’* P - A’*AP) + tr( A’* BJ) + tr( CA’* K) + tr( B’* BV ) 
+ tr( BB’*P) + tr( -C’*CP) + tr(CC’*W) 
[A, A’*] + BB’* - c’*c A’*B o 
= tr 0 B’*B 0 
CA’* 0 cc?* 
= 0 
for all P, V, W, J, K. And this holds if and only if (A’, B’, C’) satisfies 6). m 
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3.5 
Now, from Sections 3.2 and 3.4, we have: 
THEOREM A. Let (A, B, C) EM. Then a miniversal deformation of 
( A, B, C) is given by the linear variety 
(A, KC) + {(X*,Y*,Z*)}, 
where {(X, Y, Z)} is the space of solutions of the system 
[A, X] + BY - ZC = 0 
XB = 0 
YB=O - 
cx = 0 
cz = 0 I 
This miniversal deformation will be called orthogonal miniversal &forma- 
tion. 
3.6 
Now, we observe that this miniversal deformation of the triple (A, B, C) 
can be derived from the miniversal deformation of the quadruple ( A, B, C, 0) 
obtained in [2]: 
(A,B,C,D) + ((X*,Y*,z*,T*>}, 
where {(X, Y, 2, T)) is the space of solutions of the system 
[A, X] -t BY - ZC = 0 
XB + ZD = 0 
YB + TD = 0 
CX+DY=O 
CZ+DT=O I 
intersecting with the linear variety T = 0. (Note that in our case D = 0.) 
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3.7 
If the triple (A, B, C) is in its Mohnari-Kronecker canonical form (that is 
not a restriction, because of the homogeneity of the orbit), it is possible to 
write down explicitly the miniversal deformation of (A, B, C) considered in 
Section 3.5 and, in particular, to compute the number of parameters. 
Then we consider (A, B, C) in its canonical reduced form, that is to say 
A = diag( A,, A,, A,, A4), 
‘B, 0 0’ 
B= ’ o o 
0 0 B,’ 
\o 0 o/ 
and 
A, = diag(N:,..., iv,‘), B, = diag(B:,..., Bf), 
A, = diag(NF,...,N:), B, = diag(B:,..., Bf), 
A, = diag(Nf,..., Nz), C, = diag(C:,...,Cf), 
A, = diag(J,,...,J,), C, = diag(C:,...,Cf), 
B;=(l 0 . . . O)‘EMk,&), 
Ci=(l 0 . . . O)EMIX1~C), 
B;=(O . . . 0 1)’ E 4n~xl(c)~ 
Cf=(l 0 . . . 0) E %0?l$FL 
Ji = diag(j,‘,...,jFl) 
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3.7.1. Partitioning the matrices X, Y, Z of the system in (3.5) into blocks 
according to the blocks of matrices A, B, C, 
x= 
x,l x,l x,l x,l 
x: x,z x,z x,z 
Xl” x,” x3” x4” 
xp x; x3” x,4 
\ 
Y= 
/ 
‘z: z; z; 
z= z,z z,z Z,z 
zl” G z3” 
zl” zz” z3” 
Y,l Yz’ Y3’ Y, 
y,2 x! y3” y4 
Yl" Yz" Y3" Y4" 
we have that the system in Section 3.5 splits into the following independent 
systems: 
A,X; - X;A, + B,Y; = 0 
XiB, = 0 (1) 
Y,‘B, = 0 
A,X,’ - X,‘A, + B1Y3’ - Z;C, = 0 
X;B, = 0 
Y,‘B, = 0 i 
A,X; - X; A, + B,Y,' - Z c, = 0 
A,X: - X,‘A, + B,Y,’ = 0 
A,X,2-X;A1 =0 
X;B, =0 
c,x,2 =o 
A,X; - X,2A, - Z;C, = 0 
c,z,2 = 0 
c,x‘j = 0 
(2) 
(3) 
(4) 
(5) 
(6) 
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A,X,2 - X;A, - Z;C, = 0 
X;B, = 0 
c,z,2 = 0 
c,x,2 = 0 I 
A,X,2 - XjAq = 0 
qx4” = 0 
i 
A,X,3 - X;A, + B,Y,3 = 0 
X,3B, = 0 
YfB, = 0 
c,x,3 = 0 I 
A3X; - X;A, + B2Y; - Z;C, = 0 
c,zf = 0 
c,x; = 0 i 
A,X; - X;A, + B,Y; - Z$, = 0’ 
c,x; = 0 
Y,3B, = 0 ) 
c2z3” = 0 
X;B, = 0, 
A, X.,$ - X,3A, + B,Y,3 = 0 
c,x; = 0 
A,X; - XfA, = 0 
X,4B, = 0 i 
A,X,4 - X;A, - Z$, = 0 
A,X,4 - X;A3 - Z$, = 0 
X,4B, = 0 
A,X,4 - X,4A, = 0 
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(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 
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Y,2B, = 0 
Y.& = 0 
c,z,2 = 0 
c& = 0 
AND MA D. MAGRET 
(17) 
(18) 
(19) 
(20) 
The matrices Yi, Y,“, Zi, Zi are arbitrary. 
3.7.2. In order to solve these systems we decompose the unknown 
matrices into blocks, according to the block decomposition of A,, A,, A,, 
A,, B,, B,, C,, and C,. 
Let us consider the system (1). Partitioning the matrix Xrr into blocks, 
according to the blocks Nil, L?: of the matrices A, and B,, we obtain r X r 
linear independent systems, all of them in the form 
NilX - XNj’ + B;Y = 0 I 
XB; = 0 (lij) 
YB; = 0 
where the only differences among them are the sizes of matrices 
Nil, Nj', B:, Bj. Following the notation in Section 3.7, we have Ni E M,,(C), 
Nj E MkI(C), B! E LV~,~~(C), and Bi E MkjX1(C). 
In case kj < ki + 1, the only solution of a subsystem of this kind is the 
trivial one. Otherwise, banded lower trapezoidal (k, + 1) X kj Toeplitz ma- 
trices 
Y ( 1 x 
with the first nonzero diagonal starting at position (1,2) and the last one at 
position (1, kj - ki)-that is to say, in the form 
(0 Xl ... ... ... Xk,-k,-I 0 . . . . . . . . . . . . 0 
0 0 x1 . . . . . . Q-k,-1 0 . . . . . . . . . 0 
. . . . . . 
0' 0' x1 . . . . . . ..: . 
\ 
X$-&1 0 ... 0 
-are all the solutions of this subsystem. 
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In the case kj < ki + 1, it is obvious that X = 0 and Y = 0 are solutions 
of the system (lij). In 
matrices X, Y such that 
direct calculation, since 
kj > k, + 1, it is easy to prove that the 
is as above are solutions of (lij). It follows by 
() 0 0 . . . . . . () 0 0 . . . . . . . . . 0' 
0 0 x1 . . . . . . . . . Xk,_k,_l 0 . . . 1 . .  .  .  .  0 
N,'X = . . . . I 
. . . 
0’ 0’ x1 . . . . . . ..: . 
\ 
Xk]_k,_l 0 .*. 0 
IO x1 . . . . . . xk,_k,_l 0 . . . . . . . . . 
xNj’ = . . . . . . 
0 
\ Xl *.. ... 
X&k,-1 0 ... 
10 Xl **. X&k,_1 0 ..* o\ 
B;Y = 
0 0 -** 0 0 0.. 0 
. . . . 
0 0 . . . (j 0 . . . (j 
‘0’ 
0 
XB; = : , 
0 
YBj' = (0). 
\o, 
It is evident that all parameters are in independent directions and their 
number is equal to the dimension of the space of solutions. This dimension 
may be calculated by linearizing the system (iii> by means of the Kronecker 
product and the vectorializing operator 181. 
solutions of the system (lij) if and only if 
Then we have that X, Y are 
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is a solution of the system 
To simplify notation we denote by Alsj E i$++ki+ Ijxck,k,+k,j(C) the matrix 
of the former system: 
Ik, @ Nil - Nj’ ’ 8 lk, Ikj @ B; \ 
Ali, = 0 B;'@ I, 
B; ’ 8 lk, 0 
IN: -I,, . . . . . . . . . B,! 
Njl ‘. B/ 
. . . . 
= Nj -I,$ 1,. . . . .,. B; 
NC1 . . . . . . 1.. . . . B; 
11 
\ ‘k, 
Then, the dimension of the space 91&i of the solutions of the system (lij) is 
dirn.Ylil = k,k, + kj - rankAl,,. 
Since 
0 ‘k, 
0 ‘k, 
0 Iki 
Ni lk,+B; . . . N,‘B/ 
11 
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we see that 
173 
rank Al,, = kikj + kj + rank( B,!, N,‘B:, . . . , TV,’ “J-‘B~) 
= k,k, + 1 + min{ki, kj - l}, 
and 
dim PI,] = kj - 1 - min(ki, kj - 1) = max(0, kj - ki - l}. 
So these matrices span the whole space of solutions of the system (lij). We 
can conclude that the number of parameters in the solution of the system (1) 
is then 
c max(O, kj - ki - 1). 
l<i, j<r 
In a similar way we can obtain the solution of all systems, partitioning the 
unknown matrices into blocks, according to the blocks of matrices A,, A,, 
A,, A,, 4, B,, C,, and C,. 
The system (2) breaks into r x t linear independent systems in the form 
N,‘X - XNj” + B!Y - zcj” = 0 
XBj'=O . 
I 
t2ij> 
Y.sj" = 0 
With the notation in Section 3.7, we have Ni’ E M,$C), Nj" E M,,,,(C), 
B,? E Mk,xl(C), and Bj" E Ml,,,,,(C). Th e solutions of this subsystem are all 
matrices X, Y, and 2 with 
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a banded upper trapezoidal (ki + 1) x (mj + 1) Hankel matrix, with the last 
column 0, and the first nonzero diagonal starting at position (1,2), that is to 
say, 
if k, 2 mj, and 
0 x1 -** %l-k,-l *** “nl-I 0 
0 Y it) Xl zx= : : 
&,-k,-1 ‘** xni -1 0 . . . 0 
I 
otherwise. 
It is easy to prove that matrices X, Y, 2 such that 0 Y 
(+I Z x 
is as above (in 
both cases, ki > mj and ki < mj) are solutions of the system (2,,.). It follows 
immediately by direct calculation, taking into account that, in the case 
N,‘X = 
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xA$” = 
B;Y = 
ZC; = ',j-l 
0 
\ 6 . . . . . . 0 
YB; = (0), 
and, in the case k, < mj, 
I 0 . . . . . . . . . . . . 0 o\ 
x2 
. . . . . . . . . 
N,‘X = . 
%,-1 0 0 
. .> . . 
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zc; = 
Xl 0 . . . 
xm,-’ 0 -** 
YBj” = (0). 
Obviously all parameters are in independent directions. Their number is 
equal to the dimension of the space of solutions; thus these matrices span the 
whole space of solutions, as can be seen analogously to the case of cl,& by 
linearizing the system (2,,). We have that X, Y, 2 are solutions of (2,,) if and 
only if 
1 vec( X) vec( Y ) vec( 2) 
is a solution of the system 
l La, @ w - Nj3% Zk, Zmj 8 B,’ 
Br”‘@ Z,, 0 
\ 
0 B2'@ Z f 1 
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To simplify notation we denote by Asi E Mck,mj+k,+ ljxck,m,+mi+ ,,<C> the 
matrix of the former system, 
A = 
2ij 
= 
Z,QS N,’ - Nj3’ 8 I,, I,, @ B; Cj% Zk,\ 
B2’@ Z j h 0 0 
0 B;‘@ I, 0 , 
/ 
Nil B: 
-zk, Nil B; 
*. * 
-I,, Nil 
‘k, 11 
B: 
\ 
The dimension of the space 912 1, of solutions of the system (2,) is 
Ik 
Since 
/ 
A2 - ‘J 
lki 
\ 
we have 
and, then 
dim y2(, = k,mj + mj + k, - rankA2,,. 
‘k, \ 
Ni 
I’“-$; . . . N,'*B; N,'B; 
‘ki 
11 
rank A, ,I = kimj + ki + 1, 
dim Y;,, = mj - 1. 
I 
The system (3) breaks into + X s independent systems, each of them in 
the form: 
Ni’X - XNj2 + B;Y - ZC; = 0 t3ij) 
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With the notations as in Section 3.7, we have Ni’ E M,,(C), Nj" E M,,(C), 
Bj E Mkgxl(C), and Cj’ E MIxI,( Then th e 
are all matrices X, Y, and 2 with 
it) 
solutions of the subsystem (3) 
1 z a dense (ki + 1) X <Zj + 1) 
Hankel matrix [with the first diagonal starting at position (1, 01, that is to say, 
0 Y (+i 2x= 
0 
. . . . . . . . . 
xk,+l, 
As in the previous cases, we can check that matrices X, Y, 2 such that 
0 Y 
(+) z x 
is as above are solutions of the system (3ij), all parameters are in 
independent directions, and the dimension of the space of solutions is equal 
to the number of parameters. 
The system (4) breaks into r X Cy= 1 q subsystems in the form 
Ni’X - X]; + B;Y = 0 C4ij) 
With the notation as in Section 3.7, we have N,’ E &f,,(C), ]j” E M,,,JC), 
B; E Mk,&). Th e matrices X and Y with 
i 
. . . c;=, zi Ay1x3_’ ( I 
1 .. . z:_,( ki; l)yx3_’ A;:-lx2 + (h ; ‘)*yx~ Ap, 
. . . $x3 + 2hjX, + x1 $x2 + 2hjX, Ai”X, 
. . . hjX3 + x2 AjXZ + x1 ‘jxl 
. . . 
\ X3 X2 Xl 
are all the solutions of this subsystem. 
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It is easy to prove that matrices X, Y such that + 
( i 
is as above are 
solutions of the system (4,,.), by direct calculation, and taking into account 
that N,‘X, XJj”, and B!Y are the matrices 
/ . . . 
. . . 
. . . 
. . . 
. . . 
\ 
l . . . 
. . . 
. . . 
. . . 
\ 
c;,, A,k+‘x,_, A;‘-“xl A;~-‘x, 
Aj”x3 + 2Ajx, + x1 A;x2 + 2Ajxl A;Xl 
Ajx3 + x2 Ajxz + x1 Ajxl 
A;lx, 
A+,-‘- lx 
I 3-l 1 Aj”~-‘xl 
A& + 2Ajxz + x1 A;x2 + 2Ajx, Aj”xl 
Ajx3 + x2 Ajxz + x1 ‘j’l 
0 
0 
“$X1 
0 
. 3 
0 
0 / 
Obviously, all parameters are in independent directions. As has been done 
in the cases of (lij) and (2,,), we can linearize the system (bij). Then we 
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have that X, Y are solutions of (4ij) if and only if 
vec( X) 
i i vec( Y ) 
is a solution of the system 
Znjv 8 Ni' - $23 Zki In," 8 B; = (0) 
To simplify notation we denote by A,,, E Mk,n,.x n,,tk,+ , (C) the matrix of the 
former system, 
Ni’ - hjzk ‘k, 
Ni' - hjzk, 
Bj 
. . . 
Taking into account that all matrices (Nk, - AjIk, Bi) have full rank, the 
dimension of the space .5$, of solutions of (dij) is 
dim P4,, = n,,( k, + 1) - nj,ki = nrv, 
and so is equal to the number of parameters. 
The system (10) breaks into t X s independent systems, each of them in 
0 . . . 0 Ix . . . . . . . . . I -‘y 
0 
\O . . . 
. . . 0 12. . . . . . . Z-‘u, 
TX 
0 1X 
0 0 
. . . . . . . . . . . . 0 0 
i-hx . . . . . . I -‘wx 
0 
I 0 I 
I l-tuLx I 
x 0 
=xz (+I 
TX 
0 / 
181 SEI3IXLVM d0 SBTd1M.L d0 AJTIIBVJS- CINV NOIJMWO~B~ 
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the form 
‘Ni3X - XNj3 + BfY - ZC,? = 01 
c;x= 0 
< YBj" = 0 ). 
cfz= 0 
\ XBj" = 0 
MA D. MAGRET 
With the notation as in Section 3.7, we have Ni3 E M,,,,(C), B: E MmJx,(C), 
B; E M,,,,(C), and C; E MIX,,, ,(C). Then the solutions of this subsystem 
are all matrices X, Y, and Z such that 
z x 
(+I 0 Y 
is a banded trapezoidal 
(mi + 1) X (mi + 1) Toe&z matrix with the first row and the last column 0 
if m, > mj and and the first n&zero diagonal starting at Cm, - mj + 2,l) 
C&l) otherwise, that is to say, 
/ 0 . . . . . . 0 0’ 
(+I 
1 
ZX= 
0 Y Xl 
x mj-1 Gl-2 ** 
0 
\ 
X,,]_i *.* xi 0 
if mi > mj, and 
/ 0 0 0 . . . . . . . . . . . . . . . 0 
Xl 0 0 
Xl 0 
zx I (t) oy= : x1 *. 
x,,-1 x,,_g -.* **- Xl 0 . . . . . . ;, 
0 X,,_l **- a** *** x1 0 .*. 0 
\ 
if mi ,< mj. This can be checked in as in the cases of cl), (2>, (31, and (10). 
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The system (14) breaks into the following independent u X s subsystems: 
Jyx - Xh$i” - zc; = 0 ( 14ij) 
With the notation as in Section 3.7, we have Jiy E MnBvx JO, Nj” E Ml,, l(C), 
and Cj E M, .,cC). The matrices (2 \ X) in the form 
I 
h;JX, 
Al.- lx 
i’ 
. . . 
1 Aixl ‘1 
x1 + A)x, xl + Aix2 x2 
c”,=,, 
1. 
( i* 
’ A;J-k+k x2 + Aix3 X: 
k 
\ 
are all the solutions of this subsystem. It is easy to prove this by direct 
calculation. In fact, we only need to take into account that Ii”, XNj2, and ZCJ’ 
*!jx A' -lx i’ 
. . . 
I 1 1 4x1 
1. 0 1 A$-’ 1 ’ x1 + A$x, A~J-‘x, + Afj-‘x . . . 2 x1 + Aix2 
are the matrices 
&, ; hfj-kX3_k 0 
Al-lx : 
. . . 
1 ‘ix1 
Af2xl + A!:'-lx, x1 + Aix2 
(‘jTli”‘~~+A~J-‘x~ 1:: x2+Aix3 
A>-k-lxg_k . . . x2 + Aix3 
\ 
J 
\ 
J 
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respectively. 
Obviously, all parameters are in independent directions. 
As in the case of the previous systems, on linearizing the system (14,j) we 
have that X, 2 are solutions of the system (14ij) if and only if 
vec( X) 
i I vec( 2) 
is a solution of the system 
( 
Z,. @Ii’- Nj2% Ii, 
I 
-C;‘@ Z,,, = (0). 
To simplify notation we denote by A,,,j E Ml,,i,xn,,cl,+ ,,(C) the matrix of 
the former system, 
A 14ij = Z”, @ ]; - Nj2’8 Z,,, -Cf’” Z”,, 
Ii Z “ii 
Z ntu Ii 
Z n,: Ii 
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As the matrix A,, has full rank, the dimension of the space pr, of solutions 
of (14ij) is 
‘I I/ 
dimyr,I, = fl,,(Zj + 1) - nivZj = 7tt,. 
So the number of parameters in X, 2, as before, is equal to the dimension of 
the space of solutions, and these matrices span S,, . ‘I 
3.7.3. We can find the solution to the system (16) in [l]. Note that the 
notation is different than that used here. 
The system (6) is the transpose of (1). So the solution of this system is the 
transpose of the solution of (1). 
The systems (51, (7), (8), (9), (12), (13), and (15) have only the trivial 
solution. 
The solution of the systems (17), (18), (19), and (20) can be immediately 
calculated. Partitioning the matrices Yrs, Yss, 2; and 2; in blocks according 
to the blocks Bt, I?,?, C:, and C& of the matrices B,, B,, C,, and C,, we 
obtain the following independent systems: 
Y.?B? = 0 'J J ( 17ij) 
y.32B& = 0 'I J (18ij) 
c?z? = 0 
J’J ’ (“ij) 
c”zP! = 0. I ‘I ( 2oij) 
Matrices in the form 
,T1 = (O Y2 “’ Yk,) E M,,,/(C) 
are all solutions of (17ij). Matrices in the form 
Yigz = (Yl y2 *** Yin- 1 O 1 E ~lxmp) 
are all the solutions of (18ij). Matrices in the form 
‘o\ 
z2 z?= . 
‘I . E M,p,W 
Zlj 
186 M” I. GARCiA-PLANAS AND Mb D. MAGRET 
are all the solutions of (19,& Matrices of the form 
lo\ 
22 
232= . 
‘I . = wn,xl(C) 
z 
\ ml, 
are all the solutions of (20,j). 
3.8 
From this explicit expression for TtA, ,,,,@(A, B, C)’ , we can compute 
its dimension, simply from the number of parameters that appear in the 
solutions of the different systems. The results are shown in Table 1. 
To this number of parameters we have to add those from the matrices 
Yt , Yd2, 2:) and 224, which are arbitrary: 
Then 
(fWt)(n - c k, - c m,) 
l<i<r l<i(t 
+(p-s-t) n- 
( 
C Zi- C m,. 
lCi<s l<i*t 1 
dimTCA,a,cj@(A, B,C)’ 
= C max{O,kj-ki-1}+2 C (mi-1) 
l<i,j<r lCi4t 
+ C C (ki+zj)+(r+S) C C niv 
l(iGr 14j(s 
+ C (nil + 2ni2 
l<iCU 
+(m-r-t) n- 
( 
+(p--s-t) ?I- 
( 
C ki - C mi) 
l<i<r l<i<t 
C li - C mi) 
l<ids lCi<t 
+[m - (r + t)] c (ki - 1) + [m - (r + t)] c (m, - 1) 
lSi<T lgibt 
+[P - (s + t)l C (li - l) + [P - (s + t>l C (mi - I)* 
l*iqs l<i<t 
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TABLE 1 
System Number of parameters 
c max{O, kj - k, - 1) 
16i. f<r 
(1) 
(2) 
(3) 
(4) 
(6) 
(10) 
(11) 
(14) 
(16) 
(17) 
(18) 
(19) 
(20) 
C Crni - l) 
l<iCt 
c c (kt+Zj) 
l<i<r l<jCS 
f-c c nip 
C m&O, Zj - 1, - 1) 
l<i,j<s 
C (mi - 1) 
lCi<t 
c min{m,, mJ - 1 
lbi,j<t 
’ C C ‘i, 
1CiGu l<v<u, 
C (nil + 3ni, + 5~ + *** +(2q - lhiJ 
1CiCr 
(m-r-t) c (ki - 1) 
l<i<r 
(m-r-t) C (m, - 1) 
l<i<t 
(p-s-t) c g-0 
16i6s 
(p - s - t) C (mi - 1) 
COROLLARY 3.2. L.et (A, B, C) be a triple of matrices. The dimension of 
the stabilizer 2M A, B, Cl (in terms of the discrete invariants of the triple) is 
dim23,?( A, B,C) = n2+m2+p2+nm+np-dim@‘(A,B,C) 
= m2 + p2 + dimTC,,,,,,d( A, B,C)’ . 
3.9 
Given a triple (A, B, C> EJ, we can deduce the orthogonal miniversal 
deformation of this triple from that of its Molinari-Kronecker canonical 
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reduced form, (A,, B,, CJ: 
PROPOSITION 3.2. L4?t (P, v, w, 1, K) E 9, (X, Y, 21, (X, Y, Z) E 
M,(C) x Mm.&) x M, JC) be such that: 
(a> a((P, V, W, J, K), (A, B, C)) = (A,,, I(,, C,), --- 
(b) (X, Y, 2) = (P-‘XPJXP + WYP, P-‘XK + P-‘ZV). 
Then 
3.10 
A minimal miniversal deformation (in the sense that the number of 
nonzero entries is minimal) may be obtained from the orthogonal miniversal 
deformation using the following fact: (A, B, C) + {(X, Y, Z)} is a miniversal 
deformation of ( A, B, C) if and only if 
To this end we consider the basis of TcA,B,Cj&‘(A, B, C)’ (we remark 
that this basis is not necessarily an orthogonal one) which results from Section 
3.7.2 on setting one of the parameters equal to 1, the remainder ones being 0. 
Ifd=dimT (A,B,cj@(A, B, C>’ , let us denote by (Ai, Bi, Ci) the elements 
of this basis. Then (X,Y, Z) ??4 belongs to TcA,B,Cj@(A, B,C)’ if and 
only if 
tr( A,X*) + tr( BiY*) + tr(C,Z*) = 0, l<i<d. 
In order to obtain a basis of a miniversal deformation of (A, B, C> at 0, 
it suffices to take the linear variety defined by a supplementary of 
TcA, ,,,,@(A, B, C) in 4 So, if we get a set of triples (X, Y, Z) with exactly 
d parameters /L i, . . . , pd placed each one in only one entry in such a way 
that 
tr( A,X*) + tr( BiY*) + tr(CiZ*) = CLi, l,<i<d, 
then (A, B, C) + {(X, Y, Z)} will b e a miniversal deformation verifying the 
above condition. 
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4. STRUCTURAL STABILITY 
4.1 
In a similar way to [2], from the miniversal deformation in Section 3.5 we 
can deduce conditions for a triple of matrices to be structurally stable, 
according to the usual definition. 
DEFINITION 4.1. A triple of matrices (A, B, C) E.J is called struc- 
turally stable if and only if it has a neighborhood formed by triples equivalent 
to it-that is to say, if (A, B, C) is an interior point of its orbit. 
4.2 
Because of homogeneity of the orbits, we have: 
PROPOSITION 4.1. A triple of matrices (A, B, C) EJ is structurally 
stable if and only if so are all other triples in its orbit-In particular, if and 
only if its canonical reduced form is structurally stable. 
4.3 
Structural stability is equivalent to the nonexistence of deformations in 
the following sense: 
PROPOSITION 4.2. A triple of mutrices is structurally stable if and only if 
dimT~,,B,Cj@‘(A, B,C)‘= 0. 
Proof. Analogous to [2, (4.311. W 
4.4 
From Sections 4.2 and 4.3 it is immediate to see how Theorem A can be 
used to characterize the structural stability of a triple of matrices, because the 
above dimension is zero if and only if the only solution of the system (S) in 
Section 3.5 is the zero one. 
Moreover, the triple (A, B, C) can be replaced by its canonical reduced 
form in the system (S), because of the homogeneity of the orbit. 
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4.5 
Remark that we have the following necessary conditions for a triple 
(A, B, C) to be structurally stable: 
PROPOSITION 4.3. lf a triple (A, B, C) is structurally stable, then: 
(a) r = 0 or s = 0. 
&I) u = 0. 
(c) m, = 1, 1 Q i < t. 
(d) If r # 0, th e indices ki are equal or dif*er in one unity. Analogously, 
ifs # 0, for the indices li. 
(e) rank B = min(n, m), rank C = min(n, p). 
Proof. (a): The result follows directly from the resolution of the system 
(3). 
(b): The result follows from the resolution of the systems (4) and (16). 
(c): The result follows from the resolution of the system (11). 
(d): The result follows from the resolution of the systems (1) and (6). 
(e): The result follows from the lower semicontinuity of the matrix rank. 
4.6 
The above proposition states that only certain types of triples may be 
structurally stable. Actually, all them are structurally stable, as is proved in 
the following theorem. 
THEOREM B. A triple of matrices (A, B, C) E_&’ is structurally stable if 
and only if (A, B, C) uerijes one of the following conditions, corresponding 
to a difierent relation among n, m, and p: 
(a) n < min{m, p}: (A, B, C) has only infinite elementa y divisors with 
exponent two. 
(b> m >p, n >p: ( A, B, C) has only column-minimal indices that are 
equal or di#er in one unity, and infinitely many elementary divisors with 
exponent two. 
(c) p > m n > m: (A, B, C> has only row-minimal indices that are 
equal or differ in one unity, and infinitely many elementary divisors with 
exponent two. 
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Proof. (a) n Q minim, p}: By the proposition in Section 4.5, if system in 
Section 3.5 has only the zero solution, then the canonical reduced form 
(A,, B,, C,) of the triple (A, B, C) is 
A, = 0, 6, = (I” 0) E W,x,,,(C), c, = E M,,“(C). 
Conversely, all triples ( A, B, C) whose canonical reduced form is of this ty-pe 
are such that the system in Section 3.5 has only the zero solution. 
(b) m > p, n > p: If the system in Section 3.5 has only the zero solution, 
then the canonical reduced form (A,, B,, Co> of the triple (A, B, C) is 
Ao=(A1 o). Bo=(“’ zp). c,=(O $), 
and (A,, B,) is a structurally stable pair. Conversely, all triples (A, B, C) 
whose canonical reduced from is of this type are such that the system in 
Section 3.5 has only the zero solution. 
(c) p > m, n > m: If the system in Section 3.5 has only the zero solution, 
then the canonical reduced form (A,, B,, Co) of the triple ( A, B, C) is 
A,= (A2 o)> Bo= (;)> Co= (“’ zm), 
and (Ai Ci> is a structurally stable pair. Conversely, all triples (A, B, C> 
whose canonical reduced from is of this type are such that the system in 
Section 3.5 has only the zero solution. 
Notice that if m = p < n the system in Section 3.5 never has the zero 
solution. Then there are no structurally stable triples with m = p < n. w 
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